Entanglement is a fundamental resource for quantum information science. However, bipartite entanglement is destroyed when one particle is sharply measured, which occurs in most applications. Here we experimentally show that, if instead of sharp measurements, one performs many sequential unsharp measurements on one particle which are suitably chosen depending on the previous outcomes, then entanglement is preserved and can reveal quantum correlations through measurements on the second particle. Specifically, we observe that pairs of photons entangled in polarization maintain their entanglement and their ability to violate Bell inequalities when one particle undergoes three sequential measurements. This proof-of-principle experiment demonstrates the possibility of repeatedly harnessing a quantum resource.
Introduction.-Entanglement is at the heart of foundational and applied aspects of quantum theory [1] . Its paradigmatic applications include cryptography [2], teleportation [3] , metrology [4] and device-independent quantum information [5] . However, it is also a fragile resource. The prolonged exposure of an entangled system to spontaneous decohering influences from the surrounding environment leads to its decay and eventual disappearance [6, 7] . Furthermore, entanglement can vanish due to local measurements performed on one or several of the entangled systems. In particular, bipartite entanglement is completely destroyed as soon as a sharp measurement (i.e., a nondegenerate projective measurement) is performed on one of the two entangled systems [8] . For example, a sharp measurement of the spin along the x direction on one of the two spin qubits in a maximally entangled state leaves the qubits in a product state. Nonetheless, such entanglement-breaking measurements are commonplace in entanglement-based applications of quantum theory. Moreover, when applied to suitable entangled states, they typically give rise to the strongest quantum correlations in tests of Bell inequalities [9] . This certifies the presence of entanglement in a device-independent manner.
Recently however, a number of works have considered the generation of entanglement-based quantum correlations in scenarios in which physical systems undergo several sequential measurements [10] [11] [12] . It has been found possible to perform local measurements on an entangled state such that the resulting correlations violate a Bell inequality, but the post-measurement state nevertheless remains entangled enough to make yet another Bell inequality violation achievable [10] . Naturally, this feat is impossible with projective measurements. The measurements must be sharp enough so that the correlations cannot be classically modeled, but nevertheless unsharp enough so that some entanglement is still preserved after the measurement to make another Bell inequality violation possible. Entanglement-based protocols using sequential unsharp measurements have been proposed for certifying an unbounded amount of device-independent [13] and one-sided device-independent random numbers [14] , as well as for tests of finite-memory classical systems [15] .
These advances make it relevant to develop experimental tools for sustaining entanglement over sequential measurements. Notably, two sequential violations of the Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [16] have been demonstrated via unsharp measurements [17, 18] . However, extending the sequence to three and more measurements is demanding due to the sensitivity to noise [10] . Here, we demonstrate the ability to sustain entanglement over sequential measurements in a scenario in which measurement choices are adapted based on the history of previously performed measurements and observed outcomes. Since a given sequence of measurement choices and observed outcomes determines the evolution of the original state, one is faced with the task of demonstrating sustained entanglement along every possible branch of the resulting tree-like structure of possible evolutions. We accomplish this for three sequential measurements on an entangled state, either by observing a violation of the CHSH inequality [16] , or with a suitable entanglement witness.
Theoretical model.-Consider a scenario in which two separated parties, Alice and Bob, share a two-qubit maximally entangled state |ψ 1 = 1 √ 2 (|00 + |11 ). Alice performs sequential measurements on her part of the state. In the first step, she randomly selects one of two di-chotomic observables A 0 and A 1 ,
(1) where m ∈ {0, 1} and the Kraus operators K ±1|m are defined by: ] can be used to tune the sharpness of her measurement [19] . On the one end, choosing µ = 0 means the measurement is sharp (projective) and therefore consumes all the entanglement of the shared state. On the other end, choosing µ = π/4 means the measurement is noninteractive (K ±1|m = 1/ √ 2) and therefore produces random outcomes, leaving the shared state unaltered. Choosing µ ∈ (0, π/4) corresponds to an unsharp but nevertheless interactive measurement. The specific choice of µ made by Alice in the first step in the sequence is denoted µ 1 . Depending on Alice's choice of measurement and her observed outcome, the post-measurement state ends up in one of four possible configurations. Since it is necessarily pure, it can be written in the form
for some angle η ∈ (0, π/4] and some unitary transformations U A and U B that depend on Alice's choice of measurement and observed outcome. We note that η quantifies the entanglement in the shared post-measurement state.
In the second step in the sequence, Alice uses her knowledge of the measurement choice and the recorded outcome to apply U † A to her system. Then, she again randomly chooses between the measurements in Eq. (2). However, she may tune the sharpness of her measurements differently, with the specific choice denoted µ 2 . This value can depend on the choice of measurement and observed outcome in the first step. Again, the global state |ψ 3 after Alice's second measurement can end up in one of four possible configurations (given knowledge of the post-measurement state after the first step of the protocol) and it can again be written on the form of Eq. (3), with suitable angles and unitary operations.
Acting in analogy with the second step, Alice can indefinitely continue the protocol and hence perform an arbitrarily long sequence of measurements. Notably, regardless of Alice's history of measurements and outcomes, one can suitably choose the µ parameters so that entanglement is present at all steps. In some cases, it can also increase from one step to the next. This happens when Alice chooses observable A 0 , obtains outcome −1 and uses strength parameter µ k such that tan(µ k ) > tan 2 (η k ), if η k is the entanglement parameter of the state she is measuring. In this case, the new entanglement parameter after the measurement is η k+1 = arctan [20] . At any step during Alice's sequential measurements, the protocol can be interrupted for the purpose of certifying that entanglement is still present in the system. Denoting the step at which the protocol is stopped by k, Alice sends her history of choices of measurements and recorded outcomes in each of the previous k − 1 steps to Bob. Bob is then asked to perform measurements (with observables denoted B 0 and B 1 ) on his part of the state. The aim is for him to generate correlations with Alice (i.e. with her outcomes at step k) so that the CHSH inequality is violated. The CHSH inequality reads
Importantly, if Alice's measurements at step k are sufficiently sharp, there exists a pair of projective measurements that can be performed by Bob such that one finds S CHSH > 2 [15] . Notably, since a CHSH inequality test can be requested at any step in Alice's sequence of measurements, the sharpness of her sequential measurements must be large enough so that a violation of Eq. (4) is always possible. For this, the parameter µ k should be chosen such that tan(2µ k ) < sin(2η k ). The price for this property is that entanglement degrades more rapidly over the course of her sequential measurements with respect to the case of less sharp measurements (larger µ k values).
Experimental method.-In our implementation, Alice makes at most three sequential measurements, and the protocol can be stopped at step 1, 2, or 3. We choose µ 1 ≈ 0.34, µ 2 ≈ 0.19 and µ 3 = 0. We make the latter choice because we are sure that the protocol will not continue after step 3 and therefore there is no need to preserve entanglement. Just before step 3 the shared system can be in 16 possible states, depending on Alice's previous choices and outcomes. Although a CHSH inequality violation is possible for all of them, only in four cases the achievable value of S CHSH is sufficiently greater than 2 to admit the experimental detection. In the remaining 12 cases, we verify entanglement using a different strategy: Alice and Bob apply the operation U † A ⊗ U † B and then measure the entanglement witness
It is easy to prove that the mean value of this witness is negative on the state of interest whereas it would be positive or zero on any separable state [21] . In total we measure nine independent values of S CHSH (one when we stop the protocol at step 1, four at step 2, four at step 3), plus 12 values of W . The exact details of each operation can be found in the Supplemental Material [20] .
We encode two qubits in the polarization degree of freedom of two separated photons. Polarization-entangled photon pairs are generated by a custom-built source [17, 22] based on a Sagnac interferometer. It prepares the entangled state |ψ 1 , where |0 and |1 refer to the horizontal and vertical polarizations. The pairs are sent to the two arms of our experimental setup, which correspond to Alice and Bob of the theoretical protocol. of the internal HWPs. The two exit paths correspond to the two measurement outcomes. One can imagine to put many of these measurement devices in a tree-like structure which in principle can grow unlimited, but in our experiment we stop after three of them. Fig. 2 depicts this idea.
Bob makes only projective measurements in the space of linear polarization, hence his scheme can be simplified to a HWP that selects the observable and a polarization beam splitter (PBS) that separates the two outcomes.
It is important to notice that the pairs of measurements that Bob must perform depend on Alice's choices and outcomes at previous steps, which she must communicate before the two interrupt the protocol; in this way, Bob can find the two positions for the HWP that correspond to B 0 and B 1 . Similarly, Alice's blocks are not independent from one another, because each must apply U † A which is again determined by the entire history of previous choices and outcomes.
In practice, our implementation is simplified with respect to Fig. 2 and only use one detector (a single-photon avalanche diode, SPAD) for Alice and one for Bob. Since we set Alice's third measurement to be projective, we need only two MZIs in a sequence on her side. They are based on polarization beam displacers (PBDs) and we consider only one exit for each, but except for this, they are equivalent to the representation of Fig. 1 . Waveplates are mechanically rotated in different configurations, each corresponding to one measurement-outcome combination. We evaluate sequentially all the combina- tions of interest, thus reconstructing the entire tree one branch at a time. For each combination we count coincident detections between Alice and Bob for a fixed exposure time. We operate under the fair sampling assumption that coincident detection events represent faithfully the photon pairs produced by the crystal. Moreover, our setup is affected by the "locality loophole", i.e. classical communication between Alice and Bob during the measurement of S CHSH cannot be physically excluded. A detailed description and a faithful graphical representation of our experimental setup can be found in the Supplemental Material [20] .
Results.-We use a coincidence window of ±1 ns and an exposure time of 20 s for all measurements. Given the production rate of our source and losses in the setup, the total number of photon pairs that contribute to our measurements is ∼ 3 · 10 4 . Before the experiment, we verify the quality of the initial entangled state using the visibility figure of merit and we obtain 99% and 98% when measuring the σ Z ⊗ σ Z and σ X ⊗ σ X correlations respectively. We note that the visibility in the former basis depends on the extinction ratio of the polarizing elements in the measurement setup, whereas in the latter basis it is limited by the quality of the Sagnac interferometer. Table I shows the experimental results for the nine values of S CHSH , whereas Table II shows the 12 mean values for the entanglement witnesses. We observed the violation of all the nine CHSH inequalities and entanglement confirmation from all the 12 witnesses with several standard deviations of statistical significance, proving that entanglement is sustained after Alice's sequential measurements. We also note that the value of S CHSH at step 3 is greater than those at steps 1 and 2. This is expected given the particular sharpness parameters that we used in the experiment and proves that the protocol can be used for entanglement amplification, although only for a subset of measurement choices and outcomes.
We still observe small deviations from the expected values, and we attribute them to systematic alignment errors in our setup. In particular, the phase between the arms of the MZIs has to be carefully regulated by tilting the PBDs and rotation of the waveplates must be precise. These rotations can also deviate the photons out of the detectors entrance, thus invalidating the polarization measurements. Alignment difficulties like these are the reason why simplification of the experimental setup is of paramount importance.
Conclusions.-Entanglement is a paradigmatic resource in quantum information science. Its presence can be certified, for example, by local measurements which generate outcome statistics that violate a Bell inequality. However, such measurements are typically projective and leave the post-measurement state separable, thus destroying the entanglement. Here we have shown that it is experimentally feasible to sustain entanglement over several sequential unsharp measurements while ensuring the ability of generating correlations strong enough to violate a Bell inequality. Our proof-of-principle experiment is based on entangled photon pairs and exploits three well-controlled sequential measurements. It would be of evident interest to extend these ideas to other relevant physical systems that make substantially longer sequences of sequential unsharp measurements possible, allowing one to repeatedly harness entanglement for quantum information applications. At the beginning of step k, Alice and Bob share the pure and entangled state
where U A,k and U B,k are local unitary operations and η k ∈ (0, π/4]. Alice has perfect knowledge of the state, hence she can apply U † A,k to her subsystem. The shared state becomes
She chooses the strength of her measurement, in the form of parameter µ k ∈ (0, µ k,max ] where
We require µ k > 0 to preserve entanglement at step k + 1 (indeed Alice is allowed to choose µ k = 0 if she agrees with Bob to stop the protocol at step k). The upper bound is required to make the violation of the CHSH inequality at step k possible. Notice that this implies that tan(2µ k ) ≤ sin(2η k ) ≤ tan(2η k ) and hence µ k ≤ η k . Then, she chooses between the two observables
A 0 (µ k ) and A 1 (µ k ) are noisy measurements of σ Z and σ X respectively. We note that
where K ±1|m (µ k ) are the Kraus operators mentioned in the main text.
where |+ and |− are the two eigenstates of σ X . After performing the measurement and recording the outcome, the shared state becomes 
Kraus at step
and step k + 1 can begin.
Unitary operations U A,k+1 and U B,k+1 and the new parameter η k+1 can be found from their corresponding values at step k. In particular:
where angles α k+1 , β k+1 depend on the choice of measurement and outcome at step k as summarized in Table S .I.
We underline that if the measurement choice is A 0 , the outcome is −1 and tan(µ k ) > tan 2 (η k ), then η k+1 > η k , which means that entanglement has been amplified; this cannot happen other cases. To find the expressions of Table  S .I, one should write |ψ k+1 =
|ψ k and then perform the Schmidt decomposition on this state. The singular vectors (which form the columns of U A,k+1 and U B,k+1 ) should be ordered according to decreasing singular values. Then tan(η k+1 ) is simply the ratio between the smaller and larger singular value. This sequence begins at step 1 with U A,1 = U B,1 = 1 and η 1 = π/4. With this information and the above updating rules, it is possible to find all parameters at all steps.
If Alice and Bob decide to interrupt the protocol at step k, Bob must measure projectively the two observables
Inserting these expressions in the definition of S CHSH yields
From this, one can prove that in order to violate the CHSH inequality, µ k must be chosen such that tan(2µ k ) < sin(2η k ), as stated in the main text.
VALUES FOR THE THREE-STEPS IMPLEMENTATION
The following table contains the numerical values for all the parameters of the protocol, restricted to our three-steps implementation.
TABLE S.II. Values of the parameters for our three-steps implementation, and expected theoretical values for SCHSH and W . The notation for the second column is: outcome | measurement choice at step 1; outcome | measurement choice at step 2.
Step k Alice's history The heart of our entangled-photons source is a 30 mm-long PPKTP crystal which lies inside a Sagnac interferometer. A continuous-wave laser at 404 nm sends diagonally polarized light to the PBS of the interferometer so that the crystal is illuminated from both directions. By a spontaneous parametric down conversion process in a quasi phase matching configuration, pairs of orthogonally polarized photons at 808 nm are generated. Thanks to a d-HWP (a half-wave plate which works both at 404 nm and 808 nm) inside the Sagnac interferometer, the quantum state just after it is 1 √ 2 (|01 +|10 ) where the horizontal (|0 ) and vertical (|1 ) polarizations are defined by the afore-mentioned PBS. Two single-mode fibers collect the photons and bring them to the two arms of the measurement setup, Alice and Bob. In each of them, a HWP and a QWP correct the unitary operations applied by the fibers. Bob also uses a liquid crystal retarder (LCR) to fine tune the phase between different polarization components. These optical elements change the state to
where now |0 and |1 are defined by Alice's and Bob's polarizers. The principle of the two measurement setups is that polarizing and birefringent optical elements select one measurement effect, then their axes are rotated to evaluate sequentially all the effects of interest. The number of coincident detections in each configuration is counted and associated to the corresponding effect. Bob has to measure only linear polarizations, therefore its measurement setup consists of a rotating HWP and a fixed linear polarizer (LP). A multimode fiber then collects the photons and brings them to a SPAD. On Alice's side, two Mach-Zehnder interferometers in a series implement the two weak measurements. They separate the horizontal and vertical polarization components using PBDs. For convenience, we use three HWPs instead of two in our MZIs: in this way, we can regulate the sharpness parameter µ by rotating a single plate, while the others are fixed. Indeed, the arm carrying the |0 polarization encounters an HWP with axis at −π/8, while the other a HWP at π/8. Then, a HWP at angle π/8 − µ/2 spans across both. The interferometer, followed by an HWP at angle π/4 that swaps |0 and |1 implements the Kraus operator: The unitary operations needed before each weak measurement are realized by the HWP at the beginning of the next step. We note that the total number of HWPs needed between the measurement steps would be five (one to select the measurement-outcome combination of the previous measurement, one to do the same for the next one, one to swap |0 and |1 and two for the unitary operation), but this can be reduced to one, as is true for any odd number of HWPs. Since the third measurement is strong, it is achieved by a HWP and a LP. A single mode fiber finally collects Alice's photons and brings them to a SPAD, the signal of which is correlated with Bob's one by a time-tagger with 80 ps resolution, that then returns coincidence counts within a ±1 ns window. A faithful representation of our implementation is shown in Fig. S.1 .
The total number of coincidences corresponding to a complete measurement (summing the outcomes) is about 3·10
4
with an exposure time of 20 seconds, which is sufficient to make statistical errors irrelevant. Systematic misalignments of the setup are the main source of error. In particular, imperfections in the waveplates can cause imbalances in the photon counts, which are critical for the final results. Rotating plates can slightly deviate the beam out of the fiber entrance, hindering the accuracy of the polarization measurements. Preparation of the entangled state is also important and needs precise alignment of the source. Finally, the Mach-Zehnder interferometers need to be perfectly balanced to achieve sufficient visibility.
